Abstract. We study extension properties of Barsotti-Tate groups, and we establish diophantine inequalities involving heights of cycles with respect to logarithmically singular hermitian line bundles on arithmetic varieties. We apply these results to bound heights of cycles on moduli spaces of abelian varieties, induced by quotients of abelian schemes by levels of Barsotti-Tate subgroups, over function fields over number fields. To achieve this aim, we combine our results with Rumely's theorem on integral points on possibly open arithmetic surfaces and with Faltings' theorems on heights of abelian schemes in isogeny classes.
Introduction
Let k be a field and A a g-dimensional abelian scheme over k. For any prime number l different from the characteristic of k, the l-adic Tate module is defined as
where A[n] denotes the n-torsion subgroup scheme of A and k an algebraic closure of k. It is well known that T l A is a free Z l -module of rank 2g. The action of the absolute Galois group G k := Gal(k/k) of k on the k-valued torsion points of A endows T l A with the structure of a Galois module. Besides, the endomorphism ring End k (A) (consisting of the k endomorphisms of the abelian scheme) is a torsion free Z-algebra of finite type. The Qalgebra End k (A) ⊗ Z Q is semi-simple (and consequently, for any l as above, the Q l -algebra End k (A) ⊗ Z Q l also), and the action of End k (A) on T l A is compatible with the structure of G k -module on T l A.
Theorem 1.1 (Tate's conjecture for abelian schemes). Assume that k is finitely generated over its prime field. The following assertions hold:
point in Faltings proof is a finiteness propertyà la Northcott for this height [11, Sec. 3] . When k is finitely generated over Q, the proof of Z(A, λ/k) and of Theorem 1.1 in [14, Chap. VI] and [27, Exp. IX] uses -besides Faltings original arguments in the number field case -some results of Deligne or Faltings concerning abelian schemes over varieties on fields of characteristic zero ( [8] , [10] ) that are established by Hodge theoretic methods.
It is possible to avoid the use of Hodge theory in the proof of Z(A, λ/k) when k is finitely generated over k 0 by using Zarhin's results on bounded families of abelian schemes over (open dense subschemes) of a normal projective scheme X over some field k 0 (here k 0 = Q, and k 0 (X) = k) in their full strength version established by Moret-Bailly [20, Chap . XII] to show that, with the notation used in Z(A, λ/k) above, the quotients A/G n arise in some bounded family. By considering the restrictions of these quotients to suitable many closed points of X, and by using the validity of Z(A, λ/k) when k is a number field, one concludes to the finiteness of their isomorphism classes.
In this note we sketch a variant to these diverse approaches to Z(A, λ/k), in the situation where k is a function field of transcendence degree 1 over Q. Our approach also avoids Hodge theoretic arguments, but relies on higherdimensional Arakelov geometry. It involves bounds on heights of cycles in relevant moduli spaces, and consequently provides some kind of "quantitative control" in the finiteness property asserted by Z(A, λ/k) or T (A/k), in the spirit of [27, Exp. VII, 4.4] .
Actually our derivation of Z(A, λ/k) provides us with an excuse to deal with the following subjects, which constitute the core of the article:
i. extension properties of Barsotti-Tate subgroups of abelian schemes with semi-stable reduction, over 2 dimension regular bases (section 2); ii. heights of cycles on arithmetic varieties, with respect to logarithmically singular hermitian line bundles (section 3). These heights satisfy a Liouville type inequality (Theorem 3.2) and Northcott's finiteness property (Corollary 3.4); iii. a generalization to logarithmically singular hermitian line bundles of a theorem of Zhang for heights of generic sequences of points in arithmetic varieties (Theorem 3.5); iv. a theorem of Rumely [26] , and a refinement by Autissier [2] , on the existence of integral points on open arithmetic surfaces. This is combined with the previous points and Faltings ' theorem [11] on heights of quotients of an abelian scheme by the levels of a BarsottiTate subgroup (section 4).
Most of our constructions might be extended to function fields of arbitrary positive transcendence degree over Q. For the sake of simplicity, we have considered the case of transcendence degree 1 only. Observe also that, by using the work of Zarhin and Moret-Bailly as discussed above, the validity of Z(A, λ/k) when k is a function field of transcendence degree larger than 1 over Q may be derived from its validity when k has transcendence degree 1, combined with purely geometric arguments.
To our knowledge, the considerations in i -iii, although not unexpected, do not appear in the literature. The use made of them in iv shows that they may be of interest for diophantine geometry. More than the application to the Tate conjecture over function fields, we believe that the interest of this text lies in the tools we develop. We expect them to be useful in other contexts.
2. Barsotti-Tate subgroups of semi-abelian schemes 2.1. Let S denote a regular, integral and noetherian scheme of Krull dimension 2. We denote its generic point by η and suppose its characteristic to be 0.
Proposition 2.1. Let A be a semi-abelian scheme over S with abelian generic fiber A, and {G n } n≥0 a Barsotti-Tate subgroup of A[p ∞ ]. Assume that, for every n ≥ 0, there exists a finite flat group subscheme P n ⊂ A such that G n ⊂ P n,η . Then there exists a big open subset U of S (this is codim(S \ U ) ≥ 2) and an integer m ≥ 0 such that:
2 Then H n is a group subscheme of B[p n ] for all n ≥ 0. Remark 2.2. i. Let m ≥ 0 be such that the assertion of the proposition holds. We claim that for any m ≥ m, the analogous assertion obtained by replacing m by m is also true. For this, it is enough to show that G m+n extends to a finite flat group subscheme of A |U , for every n ≥ 0. Define G m+n to be the kernel of the isogeny
It is a quasi-finite flat subgroup of A |U containing G m and such that the quotient G m+n /G m is isomorphic to H n . Because G m and H n are finite over S, we infer that G m+n is finite as well.
ii. After possibly replacing U by a smaller big open subset, one can suppose that all the groups G n extend to finite flat subgroups of A |U . Indeed, we already saw that this is true for all n ≥ m. On the other hand, the finitely many remaining groups G n , n ≤ m, extend to finite flat subgroups of A |U , for some other big open subset U . For this, recall that G n ⊆ P n,η and P n is a finite flat subgroup of A . Thus, replacing U by U ∩ U , we obtain a big open subset for which the claim holds.
The purity lemma [13, Chap. V, Lemma 6.2] will be needed in the course of the proof of Proposition 2.1. We quote it for the convenience of the reader. 2 The quotient is well defined because S is regular and A is generically abelian. This Lemma 2.3. Let R be a regular local ring of Krull dimension 2. Write S = Spec R, η for the generic point of S, s for the closed point of S, U = S \ {s} and j : U → S for the open immersion. The functor j * defines an equivalence between the categories of locally free sheaves of finite rank over U and over S. Moreover it is compatible with tensor product.
Remark 2.4. It is important to bring the readers' attention to the following subtlety: the functor j * does not preserve exact sequences. Actually, de Jong-Oort show in [17, Sec. 6] that it is possible to find a regular local scheme S of dimension 2 and generic characteristic 0, finite flat group schemes G, H over S and a morphism ϕ : G → H which is a closed immersion over U = S \ {s} but not over S. In particular, the schematic closure of G η in H is not flat over S.
Proof of Proposition 2.1. By Remark 2.2 and by the noetherianity hypothesis, we may assume that S = Spec R is affine. The proof is then divided into several steps.
Step 1. We observe that the group scheme G n can be extended to a finite flat group scheme G m over S, and that there exists a big open subset U n of S such that G n|Un is a subgroup scheme of A |Un . This is easily obtained from finite flat closures along codimension 1 closed subsets and Lemma 2.3.
Step 2. The next point is an adaptation of Tate's trick ([30] , proof of Proposition 12) to construct a candidate to the desired Barsotti-Tate group from suitable quotients of the group schemes G n .
Let k, n ≥ 0 be integers. The intersection V = U k ∩ U k+n is a big open subset of S. We have inclusions G k|V ⊆ G k+n|V ⊆ A |V so there is a well defined quotient G k+n|V /G k|V . This is a finite flat group scheme over V . By Lemma 2.3 this group scheme uniquely extends to a finite flat group scheme over S, to be denoted H k+n k
. If now V denotes another small enough big open subset, then we have a map between well defined quotients
G k+n|V G k|V induced by multiplication by p. By the purity lemma this morphism extends in a unique way to a morphism of group schemes
Remark thatp is surjective. Indeed, a part from finite, p is dominant because the involved groups are flat over S with reduced generic fiber (recall that the characteristic of η is 0, so Cartier's theorem applies to the generic fibers, showing they are reduced).
Let D k be the affine R-algebra of H k+1 k
. If F is the fraction field of R, all the F -algebras D k ⊗ R F can be identified to a fixed finite F -algebra D, for instance D 1 ⊗ R F . This is so becausep is an isomorphism over the generic point η. The mapp is surjective, so the D k form an increasing sequence of rings. The R-algebra D k contains R as a subring since H is an integral extension of R with F · Γ = D. By assumption, the characteristic of F is 0, hence the F -algebra D is finiteétale. Finally F is the fraction field of R, which is a noetherian and integrally closed domain. The hypotheses of [25, Thm. 10 .3] are fulfilled, from which it follows that Γ is an R-order in D. In particular, by the very definition of R-order, Γ is a finitely generated R-submodule of D. Because R is noetherian, so is Γ. Consequently, the increasing sequence D k of subrings of Γ stabilizes. Let m ≥ 0 be an integer such that D k = D k+1 for all k ≥ m. Equivalently,
is an isomorphism for k ≥ m. Therefore, for every n ≥ 0, the n-th composition
is an isomorphism as well.
Define the finite flat group scheme over S Let us fix an integer n ≥ 0. For some big open subset V of S (depending on n) we have a chain of inclusions V we may assume that V ⊆ W . Then the isomorphism µ V extends to an analogous isomorphism µ W , in a unique way, by the purity Lemma 2.3.
Step 3. We show that G m and {H n } n≥0 are the desired group schemes, after restriction to a suitable big open subset of S.
Let U ⊆ S be a big open subset such that G m| U ⊆ A |U . To simplify the notations, let us replace S by U . There is a well defined quotient semiabelian scheme B = A /G m over S. By definition, for every n, over some big open subset V we have H n|V ⊆ P m+n|V /G m|V . This inclusion uniquely extends to a morphism
by the purity Lemma 2.3. Moreover, the relation h n = h n+1 • ι n+1 n holds. In particular, if h n is a closed immersion over a big open subset W n , then ι n+1 n is a closed immersion over W n as well.
Let us now choose a big open subset W n such that h 1 and h n are closed immersions when restricted to W n . We claim that h n+1|Wn is a closed immersion as well. Indeed we have a commutative square
It follows that the arrowh n+1 is a closed immersion. We thus have a well defined quotient semi-abelian scheme
and a natural isogeny
By construction and uniqueness of extensions over S, the kernel of the isogeny q is a finite flat group subscheme of B |Wn isomorphic to H n+1|Wn , and the morphism h n+1 is a closed immersion over W n . Let us finally fix a big open subset U of S such that h 1 is a closed immersion over U . Then the preceding argument shows that h n is a closed immersion for all n. Furthermore we have isomorphisms
induced by multiplication by p n . We conclude that the family {H n|U } n constitutes a Barsotti-Tate group contained in B |U . This completes the proof.
2.2.
We now discuss an application of Proposition 2.1 to the following particular setting. Let S be a local, henselian and integral scheme of dimension 2, whose closed and generic points we denote y and η respectively. Let U = S \ {y} be the unique strict big open subset of S. Consider a semiabelian scheme A → S with abelian generic fiber A. We can decompose the quasi-finite flat groups A [p n ] over S as Assume in addition that S is noetherian, complete (hence excellent), and regular (hence normal), of generic characteristic 0, and that a Barsotti-Tate subgroup
This family may not constitute a Barsotti-Tate group. However there is a sequence of closed immersions
Because G 1,η is a noetherian scheme, this sequence stabilizes at some point. Therefore, for some integer n 0 , the groups {Q n := G n+n 0 ,η / G n 0 ,η } n form a Barsotti-Tate group. Observe these groups extend to closed subgroups of the quotient semi-abelian scheme A |U / G n 0 , but they may not extend over S. , there exists a sequence of blow-ups S → S centered over the closed point y such that A |U / G n 0 extends to a semi-abelian scheme B → S. We can and (for later purposes) we will assume that we have effected at least a blow-up. Remark that the base S is still regular, integral and noetherian of dimension 2 and generic characteristic 0. By a theorem of Raynaud [24, p.130 S and we use the same notation for it. Thus, we can write B = A e S / G n 0 . Observe now that
and the last is a finite flat subgroup of B. Hence Proposition 2.1 applies to the semi-abelian scheme B and the Barsotti-Tate subgroup {Q n } n of B[p ∞ ] η . Namely, there exists a big open subset V of S and an integer m ≥ 0 such that Q m extends to a finite flat subgroup Q m of B |V , the quotients Q n+m /Q m extend to finite flat subgroups H n of B |V /Q m and the sequence {H n } n defines a Barsotti-Tate group.
2.3. Suppose now given a 1-dimensional, local, henselian, regular and noetherian scheme T , with closed point t and generic point µ. Assume there is a morphism of schemes f : T → S sending µ into U = S \ {y}. By properness of S → S, there is a lifting of f to T → S. Furthermore, the groups G n , G n over U can be based changed to the generic point µ of T , providing groups G n,µ and G n,µ . These extend to quasi-finite flat subgroups of the base change
Because the morphism f factors through S, we see that G n,T is a closed subgroup of A [p n ] T and actually agrees with the finite part of G n,T . By construction, we have inclusions G n,T ⊂ G n+1,T . If moreover the morphism f factors through the big open subset V , then the preceding discussion shows that, putting
The important fact here is that the index n 1 does not depend on the morphism f . Observe also that due to Remark 2.2 i, the integer n 1 can be increased without changing the conclusion.
We focus our attention to the class of morphisms f : T → S, obtained as follows. Recall we assumed that S is obtained after at least one blow-up. Therefore we have a decomposition S where Bl y (S) is the blow-up of S along y. The image in Bl y (S) of the exceptional divisor of π is a finite closed subscheme F over y. The big open subset Bl y (S)\F of Bl y (S) naturally embeds into S, and hence we may form
. This is a big open subset of Bl y (S). A morphism f : T → S that factors through W ⊂ Bl y (S) also factors through V ⊂ S.
2.4.
We now apply the considerations in 2.2-2.3 to semi-abelian schemes over arithmetic surfaces. Let K be a number field, O K its ring of integers, S = Spec O K . Let X be an arithmetic surface over S, namely a regular, flat and proper scheme over S, with geometrically irreducible generic fiber of dimension 1. Suppose given a semi-abelian scheme A → U , where U is a big open subset of X with generic point η. We assume that A η is abelian. Let D ⊂ U be the divisor of bad reduction of A . We decompose D = H +V into horizontal and vertical components. Define V = U \D. Let {G n } n be a Barsotti-Tate subgroup of A [p ∞ ] |V . For every non-zero prime p of O K such that V ∩ X p = ∅, we choose a closed point y p ∈ V ∩ X p \ H. This provides a finite collection of closed points Y = {y p } p∈P . Introduce S p = Spec O X ,yp . We still denote y p its closed point. The Barsotti-Tate group {G n } n can be base-changed into a Barsotti-Tate group over the generic point of S p . Let us denote by W p the big open subscheme of Bl yp (S p ) provided by construction 2.3 applied to these data. We have morphisms 
There is a natural inclusion of open subsets V ⊂ W . An important feature of this construction is that the structure map Bl Y (X ) → S is surjective when restricted to W . Let now f : Spec O L → W be an integral point of W (in other words, L is a finite extension of K, O L its ring of integers, and f a morphism of schemes over Spec O K )
5
. In particular it provides an integral point of U \H. For every prime q of O L lying above p ∈ P, f induces a morphism f q : Spec O L,q → S p which factors through W p . We also obtain by base change a semi-abelian scheme A q over O L,q and extended quasi-finite flat subgroups G n,q . Take the finite parts G n,q . By the discussion in 2.3, there exists an integer n 1 , which depends on Y but not on f , such that the quotients { G n+n 1 ,q / G n 1 ,q } n define a Barsotti-Tate group. For any other prime q not lying above P, the analogous conclusion, with the same index n 1 , is trivially true. Indeed q is sent by f into V and {G n } n is assumed to be a BarsottiTate subgroup of the abelian scheme A |V .
We summarize the preceding observations into the following theorem.
Theorem 2.5. Let X → Spec O K be an arithmetic surface and A a semiabelian scheme over a big open subset U of X , generically abelian. Let D be the divisor of bad reduction in U and decompose D = H + V in horizontal and vertical components. Put V = U \ D, and choose a closed point y p ∈ V ∩ X p \ H for every p in P, the subset of Spec O K \ {0} defined by the p such that V ∩ X p = ∅. Then, given a Barsotti-Tate subgroup {G n } n of A |V , there exists an integer n 1 ≥ 0 such that for every integral point f : Spec O L → U factoring through W defined by (2.1), we have:
i. the image of f is disjoint with the horizontal component H; in particular, the pull-back f * A is a semi-abelian scheme over O L , generically abelian. ii. For every prime q of O L lying above one the primes p in P, denote by A q the base change of A to Spec O L,q induced by f . Let G n,q be the quasi-finite flat subgroup of A q extending the base change of G n to the generic point of Spec O L,q , and G n,q its finite part. Then the family { G n+n 1 ,q / G n 1 } n defines a Barsotti-Tate subgroup of A q / G n 1 .
Some diophantine inequalities for heights
In this section we discuss some generalities and diophantine inequalities for heights of cycles in arithmetic varieties, with respect to hermitian line bundles whose metrics are of some logarithmic singular type. This kind of heights will appear in later considerations, when dealing with minimal compactifications of moduli spaces of abelian varieties. The arithmetic intersection formalism leading to these heights has been developed by BurgosKramer-Kühn [6] . Their finiteness property has been explored by the second author of the present article in [15] . A diophantine inequality, generalizing results by Zhang [33] in the spirit of Faltings' lemma [11, Lemma 3] on heights defined by means of metrics with logarithmic singularities, has been established in some unpublished work by the first author [4] . Here we provide the precise statements and some details.
3.1.
We introduce the heights and formulate the finiteness property we will need. Let X and Y be arithmetic varieties over the ring of integers O K of a number field K, namely, projective and flat schemes over Spec O K . We make the following geometric assumptions:
• the generic fiber Y K is smooth over K;
• there is a surjective morphism ϕ : Y → X the restriction of which to the generic fiber induces an isomorphism
is a complex quasi-projective manifold. Let L be a line bundle on X and · a smooth hermitian metric on L |U (C) , invariant under the action of complex conjugation. We denote by L = (L , · ) this singular hermitian line bundle in the sense of Arakelov geometry.
Definition 3.1. We say that L is a pre-log-log (resp. smooth, continuous) hermitian line bundle, with singularities along F , with respect to ϕ, if the pull-back singular hermitian line bundle ϕ * L is a pre-log-log (resp. smooth Under the pre-log-log assumption, according to [6, Sec. 7] , there is a well defined height function h ϕ * L on algebraic cycles on Y whose flat irreducible components intersect D properly (or equivalently, is not contained in D) over Y K . We refer to loc. cit. for details, as well as to [15, Sec. 6] . We observe that the constructions of height functions in these references extend to nonnecessarily regular arithmetic varieties, with smooth generic fibers. We refer to [5 
Let us denote by Z p,U (X ) the free abelian group of p-dimensional cycles on X , whose flat irreducible components intersect the open U of X K . We similarly define Z p,ϕ −1 (U ) (Y ). To a pre-log-log (resp. smooth, ample continuous) hermitian line bundle L , we attach a height function
, where ϕ * is the usual push-forward morphism of cycles
Some properties of these height functions, such as compatibility with change of ground ring, are straightforward consequences of the corresponding properties for h ϕ * L . The next statement is adapted from [15, Thm. 1.3], and may be seen as a Liouville type inequality for the approximation of F by cycles on Y .
Theorem 3.2. Let X , Y , ϕ : Y → X be as above, and L a pre-log-log hermitian line bundle on X with singularities along F , with respect to ϕ. Assume that L is ample over X and that the first Chern form c 1 (L ) is semi-positive on U (C). Then, for any smooth hermitian metric · 0 on L with semi-positive first Chern form (after pull-back to Y ), there exist real constants α, β, γ > 0 such that, for every effective cycle z ∈ Z p,U (Y ), we have : X , L N ) ). For this particular metric · 0 , a multiple of the height h L 0 is the restriction to cycles on X of the usual Faltings height on P(H 0 (X , L N )). Any other height for a pre-log-log metric (and in particular for a smooth metric) on L then differs from h L 0 by an archimedean factor, expressed by integrals of so-called BottChern secondary forms. 
One may suppose that the cycle z is flat, integral and properly intersects div s 1 over C. By the definition of the height, one is reduced to bound integrals of the form
Here we wrote · = e −f /2 · 0 , and we note that the integral has to be computed on a suitable resolution of singularities of ϕ −1 (z(C)). Recall that z K meets properly div s 1 , that the metric · has the logarithmic singularities, and that the first Chern forms are semi-positive. After a rescaling of the smooth metric, we may thus replace ϕ * (f ) by log log ϕ * s 1
−2
0 . This rescaling can be made independently of z. (Observe that, by comparison to loc. cit., there is an important simplification in this step. Namely the positivity assumption made on the first Chern forms allows to avoid the decomposition result in Theorem 4.3.
6 ) Now, one proceeds to decrease the exponent i. For this, we first write
One is reduced to bound integrals of the form
log log ϕ * s 1
In this situation, one can apply Stokes theorem. Taking into account the following relation of differential forms outside F (C) dd c log log s 1
With the notations of [15, Thm. 1.3], this explains that we can take r = 1. the positivity of the Chern differential forms, and elementary bounds between functions with logarithmic singularities, one reduces to bound integrals of the form
Such integrals are treated in loc. cit., Lemma 5.5. After reducing the exponent i to 0, the main term to bound is an integral of the form
By Jensen's inequality, this is bounded in terms of
Finally, by the definition of the height and the existence of a universal lower bound for normalized heights with respect to ample smooth hermitian line bundles, this last term is bounded by log( h L 0 (z) + γ), where the constant γ only depends on the smooth metric · 0 . This completes the proof.
Corollary 3.4. Let L be an ample pre-log-log hermitian line bundle on X with semi-positive first Chern form. Then, given a real number A > 0, there exist finitely many effective cycles
Proof. After possibly replacing L by a high power, we may assume that L is very ample. Then, using a projective embedding and the Fubini-Study metric on projective space, we can construct a smooth hermitian metric on L , say · 0 , with positive first Chern form and, more importantly, such that the heigh h L 0 is the restriction of some usual Faltings height for the ambient projective space. Then the finiteness property is an immediate consequence of the comparison theorem above and the finiteness property for h L 0 proven by Bost-Gillet-Soulé in [5, Thm 3.2.5].
3.2.
We now proceed to some generalization of Zhang's inequality [33, Thm.
5.2], [1, Thm. 2.4]
for the height functions with respect to pre-log-log hermitian line bundles. This will be applied to prove bounds for cycles in moduli spaces of abelian varieties, in terms of heights of conveniently chosen integral points.
Theorem 3.5. Let X , Y , ϕ : Y → X be as above. Let L be a pre-log-log hermitian line bundle on X with semi-positive first Chern form. Assume that L is ample. 7 Then there is an inequality
where d is the Krull dimension of X and the supremum runs over all open Zariski subsets V of U = X K \ F . Moreover the right hand side of the inequality is a finite quantity.
Remark 3.6. In the statement of the theorem, the normalized height of an algebraic point x ∈ V (K) has to be understood as follows. The point x induces a 1-dimensional horizontal cycle z in X . Then we put
.
To prove Theorem 3.5, we will truncate the pre-log-log hermitian metric and work with continuous hermitian metrics with semi-positive first Chern current. We will need two lemmas.
Lemma 3.7. Let · 1 (resp. · ) be a continuous (resp. pre-log-log) hermitian metric on the ample line bundle L , whose first Chern current is semi-positive. Assume that
i. ϕ * L 1 is an integrable hermitian line bundle; ii. for every effective cycle z ∈ Z p,U (X ) we have the inequality
Proof. Let A be a hermitian ample line bundle on Y , with a smooth hermitian metric whose first Chern form is strictly positive. 
thus proving i. Also, as the sequence is increasing, these smooth metrics are smaller than the pre-log-log metric on ϕ * (L N ) ⊗ A , which has positive first Chern current. From this and the definition of height, it easily follows the inequality
for z ∈ Z p,U (X ) effective. The right hand side of the inequality converges to h ϕ * (L 1 ) N ⊗A (z) by [19, Thm. 5.5.2] . Working on the definition of height, we thus obtain
where the O term only depends on several arithmetic intersection numbers on z. The assertion ii now follows by dividing these heights by N d and letting N converge to ∞.
Lemma 3.8. The statement of Theorem 3.5 holds for continuous hermitian metrics · 1 on L with semi-positive first Chern current.
Proof. The original argument of [33] can be adapted to this case, because L is ample and the curvature current of L 1 is semi-positive. For this, one needs to refer to the version of the arithmetic Hilbert-Samuel theorem proven by Randriambololona [23] . Observe that this work already deals with the case when the generic fiber X K is just reduced, non-necessarily smooth.
By construction, the arithmetic intersection number in the dominant term of the main theorem in loc. cit., coincides with our height with respect to L 1 .
We are now ready to prove Theorem 3.5.
Proof of Theorem 3.5. It suffices to show the inequality with L replaced by some positive power L N . Thus we can suppose that L is very ample and that there exists a global section
Endow L with a smooth hermitian metric · 0 with semi-positive first Chern form and such that s 0 1. Write · = e −g/2 · 0 . Observe that the condition dd c ϕ * (g) + c 1 (ϕ * L 0 ) ≥ 0 and the surjectivity of ϕ guarantee that g is locally bounded above. Since X (C) is compact, g has a global upper bound. Because the inequality we aim to prove does not change after rescaling the metric, we can suppose that g ≤ 0. Since · admits logarithmic singularities along F (C), there exists a positive constant A such that −g ≤ A log log s −1 0 . For every integer j ≥ 3, define g j = max{g, −A log log j}.
The functions g j are continuous on X (C). Because the maximum of two psh functions is already psh, we have dd c ϕ * (g j ) + c 1 (ϕ * L 0 ) ≥ 0. It is clear that the sequence g j decreases towards g. We define the continuous metrics on L
They form an increasing sequence pointwise converging to · on U (C), with semi-positive first Chern currents. By Lemma 3.7 we know that
for any effective cycle z ∈ Z p,U (X ). Observe that by Lemma 3.8, this already guarantees the finiteness of the right hand side of inequality (3.1).
To establish (3.1), we reason by contradiction. Suppose the inequality (3.1) does not hold. Therefore, for some ε > 0 we can find a generic sequence of points
By Theorem 3.2 and (3.3) we deduce that { h L 0 (x k )} k is bounded above by some constant B. On the other hand (3.2) applied to X and (3.3) give
Fix k ≥ 1 and let L be a field of definition of x k . There are inequalities
To derive the last inequality, we made use of the Jensen's formula, again inspired by Faltings [11, Lemma 3] . By definition of height and because
we finally obtain
Fix j ≥ 3 large enough so that
Together with (3.4), we derive
for every point of the generic sequence {x k } k . But for the continuous metric · j , Zhang's inequality holds (Lemma 3.8). Hence (3.5) provides a contradiction, and the proof is complete.
3.3.
As an illustration of the preceding constructions, in the final part of this section we present the geometric framework to which the theory of heights will be applied in the sequel.
Let be a positive integer with = 1 2 , where 1 , 2 ≥ 3 are relatively prime. Then the minimal compactification of the fine moduli space of principally polarized g-dimensional abelian varieties, with level structure, is a normal projective scheme
The open subscheme classifying abelian varieties is denoted by A g, . We put F = A * g, ,Q(ζ ) \ A g, ,Q(ζ ) . We first explain how to place ourselves in the situation of 3. , and the normalization of its blow-up. We point out that the extended scheme A g, may not be smooth over Spec Z[ζ ], but this is not required in the constructions of 3.1.
By [13, Chap. V, Thm. 2.5 and Sec. 4], there exists a singular hermitian ample line bundle ω on A * g, , whose singularities are of logarithmitc type along F . It is an extension of the determinant of the dual of the relative Lie algebra of the universal abelian scheme over A g, , with its natural L 2 metric. Over C, the extension is characterized by the logarithmic singularity of the metric [22, Prop. 1.3]. Moreover, it is a pre-log-log hermitian line bundle [22, Thm. 3 .1], [7, Thm. 5.3]. We may thus consider the height function h ω obtained by the procedure of 3.1, with respect to ϕ : A g, → A * g, . An important feature we will use is summarized in the following lemma.
Lemma 3.9. Let B be an abelian variety over a number field L, with a principal polarization and level structure. Let z be the cycle it defines in A * g, , and let bh F (B) denote Faltings caninical height of B. Then we have:
Proof. The proof goes as in [13, p. 169] . Observe that, under the above assumptions, B has semi-stable reduction over Spec O L .
Let us now briefly describe how we will apply the results in 3.2. Let X be an arithmetic surface and A an abelian scheme over K(X ). We assume that A comes equipped with a level structure and a principal polarization. Then, A has semi-stable reduction at codimension 1 points of X . Therefore, it extends to a semi-abelian scheme A → U , for some big open subset U of X . Associated to A K → X K there is a classifying map
Let us denote by Z the Zariski closure of the push-forward cycle γ * X K . Let us assume, for simplicity, that Z is reduced. Observe that because A is abelian, Z non-trivially intersects the open subscheme A g, . Given a generic sequence of integral points P n : Spec O Ln → U , mapping the generic point into the good reduction locus, we obtain a generic sequence in Z (K)\F (K). By Theorem 3.5 and Lemma 3.9, we derive the inequality
Then we may obtain bounds for the height of Z from bounds for the Faltings heights of the semi-abelian schemes P * n A over number fields. These considerations will actually be carried out for families of cycles provided by quotients of A by the levels of p-divisible groups. A crucial step will be to choose suitable integral points so as to get uniform bounds for their Faltings heights.
Remark 3.10. For a given sequence of integral points, the right hand side of (3.6) may actually be infinite. An example is given by the universal generalized elliptic curve over the regular modular curve X( ), and the generic sequence of CM points. 8 For this reason, to produce sequences for which the limit is finite, we will apply Autissier's effective version of Rumely's theorem, with control on the heights [2] .
Heights of cycles in moduli spaces of abelian varieties
As an application of the results of the preceding sections, we show how to uniformly bound the heights of the cycles induced by the quotients of an abelian scheme by the levels of a Barsotti-Tate subgroup, over the field of fractions of an arithmetic surface. The bounds we provide imply the finiteness of this family of abelian varieties, up to isomorphism. According to Proposition 1.2, this gives another proof of Tate's conjecture for abelian varieties over finitely generated fields of transcendence degree 1 over Q. Actually, by Zarhin's trick (cf. Proposition 1.3) and a standard Galois descent argument, it will be enough to treat the case of principally polarized abelian schemes with a sufficiently big level structure.
Let be a positive integer which is a product of two relatively prime integers 1 , 2 ≥ 3. Let X → Spec O K be an arithmetic surface and A an abelian scheme over K(X ), endowed with a level structure and a principal polarization. To exclude trivial cases, we assume that A is not isotrivial.
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Let {G n } n be a Barsotti-Tate subgroup of A[p ∞ ] defining a Lagrangian subspace of T p A ⊗ Zp Q p . We suppose prime to p. The quotient abelian schemes A/G n inherit level structures and principal polarizations. For every n, A/G n has semi-stable reduction at codimension 1 points of X . They all extend to semi-abelian schemes over X K , with common bad reduction by the Serre-Tate theorem. We may consider the induced classifying maps γ n : X K → A * g, , and we denote by Z n the Zariski closure of the direct image cycles γ n * X K . These are effective cycles in A * g, , possibly with multiplicity, flat over Spec Z, which meet the open subscheme A g, . In this section we derive uniform bounds for the degree and the height of the cycles Z n with respect to ω, following the strategy outlined in 3.2.
We begin by bounding the multiplicity and degree of Z n .
Lemma 4.1. The multiplicity of the cycle Z n in A * g, and its degree with respect to ω Q(ζ ) are bounded independently of n.
Proof. We denote by A n (resp. A ) the semi-abelian scheme over X K extending A n (resp. A), and ω An/X K (resp. ω A /X K ) the determinant of the dual of the relative Lie algebra of A n over X K . By construction, we have deg
To explain the last equality, we must remark that the morphism X K → A * g, factors through A g, , and that there is a universal semi-abelian scheme over A g, ,Q(ζ ) . Hence, by uniqueness of the semi-abelian extension of A n , it follows that the pull-back of the universal semi-abelian scheme to X K is 8 In particular, this ruins the hope of obtaining Duke's equidistribution of Heegner points [9] by Arakelov theoretic means, in the style of Szpiro-Ullmo-Zhang [28] . 9 In our setting, by isotrivial we mean an abelian scheme over K(X ) that has constant Néron model after a finite extension of K(X ).
indeed isomorphic to A n . This justifies the equality. Now, because the natural morphism A → A n isétale (we are in characteristic 0), we have
But this is an equality of strictly positive integers. Indeed, the non-isotriviality assumption is equivalent to deg ω A /X K > 0 [13, Chap. V, Prop. 2.2]. It follows from these observations that the multiplicity and degree of Z n are bounded independently of n.
We now construct suitable sequences of integral points in the cycles Z n . Let U be a big open subset of X to which A extends. Denote by A → U the extended semi-abelian scheme. Let D be the divisor of bad reduction and V = U \ D. In principle, the Barsotti-Tate group {G n } n does not extend to a Barsotti-Tate subgroup of A |V . However, by Proposition 2.1, this will be true after possibly shrinking U (into a big open subset) and replacing A by A/G m and G n by G n+m /G m , for some m ≥ 0. The effect of this on the family {Z n } n is just to exclude a finite number of cycles. Therefore we can suppose that m = 0. We are now in the situation of 2.4 and Theorem 2.5. We employ the same notations. In particular, we have the finite subscheme Y ⊂ U , the blow-up Bl Y (X ), the open subset W of Bl Y (U ) and the integer n 1 for which Theorem 2.5 holds.
The quotient A/G n 1 extends to a semi-abelian scheme over a big open subset Ω of Bl Y (X ). After a finite sequence of blow-ups centered over Bl Y (X ) \ Ω, we obtain an arithmetic surface X over which A/G n 1 extends to a semi-abelian scheme B → X . Observe that W ∩ Ω naturally embeds as an open subset of X . Moreover, because Ω is big in Bl Y (X ), we still have that the projection W ∩ Ω → Spec O K is surjective. i. P sends Spec L into V K , and hence P * A/P * G n is defined; ii. we have 
Therefore, it is enough to produce an infinite sequence of integral points P of W for which h F (P * A/P * G n 1 ) is bounded independently of P . We apply Autissier's effective version of Rumely's theorem [2, Thm. 4.2.3]. To fulfill the hypothesis of loc. cit., we need an arithmetic surface of generic genus ≥ 1 and a good height. We satisfy these requirements by fixing the following data:
• a covering π : X 1 → X , where X 1 is an arithmetic surface of generic genus ≥ 1, defined over Spec O K , K ⊂ K . We write B 1 = π * B.
• A continuous hermitian metric · 0 over ω
, with semi-positive first Chern current and with · 0 ≤ · . Here · is the natural pre-log-log L 2 metric. The metric · 0 can be build from · by truncation and rescaling, as in the proof of Theorem 3.5.
is a good height in the terminology of loc. cit.
10 By Lemma 3.7, we see that for every algebraic point P ∈ X 1 (K) in the good reduction locus of B 1 , we have
(4.1)
This is an open subset surjecting to Spec O K . We recursively apply Autissier's theorem, starting with Ω 1 and taking as height
. This produces an infinite sequence of integral points P : Spec O L → Ω 1 (L a varying extension of K ) such that
for some real constant C that only depends on the hermitian line bundle ω B 1 / f X 1 ,0 and the singular fibers of X 1 . Projecting these integral points back to Ω ∩ W and taking into account (4.1), we obtain the desired infinite sequence of integral points. Proof. First we establish the finiteness of the cycles Z n . Fix a family of integral points {P k } k as in the proposition. This family induces a family of integral points in Z n , that we denote by {P (n) k } k . The non-isotriviality assumption ensures that this sequence is infinite. By Theorem 3.5, Lemma 3.9 and Proposition 4.2, we obtain for n ≥ n 1 h ω (Z n,red ) ≤ 2 lim inf
Moreover we proved that the multiplicities of the cycles Z n are bounded (Lemma 4.1). Therefore the heights h ω (Z n ) are bounded. Because the degrees of the Z n with respect to ω Q(ζ ) are bounded as well, by Corollary 3.4 we derive the finiteness of the family {Z n } n . Unfortunately this is not enough to conclude, for we have to show that the morphisms γ n : X K → A * n, arise in a finite family.
For every n, let us define Γ n as the closure of the graph of γ n in X ×A * n, . It will be enough to bound the degree and height of the cycles Γ n with respect to an ample pre-log-log hermitian line bundle on X × A * n, . 10 The required positivity of ω B 1 / f We introduce O(P 1 ) on X , whose underlying line bundle is attached to the integral point P 1 as above and whose metric is fixed, smooth and with positive first Chern form. We take L = p * 1 O(P 1 ) ⊗ p * 2 ω on X × A * n, . Because O(P 1 ) is only known to be generically ample, L does not strictly fulfill the requirements of Corollary 3.4. However this may be solved after a change of model, as in [5, Prop. 3.2.2 (ii) ]. This will only alter the height by a quantity controlled by the degree of Z n with respect to ω Q(ζ ) , hence bounded. We leave to the reader the task of writing down these details.
The degree of Γ n with respect to L K is the degree of Z n with respect to ω Q(ζ ) , hence bounded. For the height, we compute according to the definition and apply the projection formula. We find
The first terms do not depend on n, while the second is bounded by the finiteness of the family {Z n } n . For the last term, the definition of height pairing gives
Here 1 is the canonical rational section of O(P 1 ). The Faltings height of P * 1 A/P * 1 G n is bounded by C for n ≥ n 1 . For the archimedian factor, we recall that because A → A n isétale, we have ω An/X K ω A /X K . At the level of metrics, this isomorphism is an isometry up to a constant (given by the rank of G n ). Therefore, the first Chern differential forms satisfy ii. It would be interesting to show that the heights h ω (Z n ) stabilize for n big enough, by working directly on the definition of height.
iii. Once we have the right diophantine tools at our disposal, the proof we gave of Theorem 4.3 is as elementary as the purely geometric arguments alluded to in the introduction.
